Chapter 


BINOMIAL THEOREM 





8.1 Overview: 


8.1.1 An expression consisting of two terms, connected by + or — sign is called a 
: ; ; 1 1 4 À i 
binomial expression. For example, x +a, 2x — 3y, — =; Tx- Sy , etc., are all binomial 

xX x y 
expressions. 
8.1.2 Binomial theorem 


8.1.3 


If a and b are real numbers and 7 is a positive integer, then 
n h n n n-l 1 n n=2 p2 
(a + bY ="C, a" + "C a! b + QC gap bD + ... 


wt "Cab +... + "C, b”, where "C, = forO<r<n 


|n 
|[r|n-r 
The general term or (r + 1)" term in the expansion is given by 
T = Ke a” br 


r+1 
Some important observations 
The total number of terms in the binomial expansion of (a + b)" isn + 1, i.e. one 
more than the exponent n. 


In the expansion, the first term is raised to the power of the binomial and in each 
subsequent terms the power of a reduces by one with simultaneous increase in 
the power of b by one, till power of b becomes equal to the power of binomial, 
i.e., the power of a is n in the first term, (n — 1) in the second term and so on 
ending with zero in the last term. At the same time power of b is 0 in the first 
term, 1 in the second term and 2 in the third term and so on, ending with n in the 
last term. 


In any term the sum of the indices (exponents) of ‘a’ and ‘b’ is equal to n (i.e., 
the power of the binomial). 


The coefficients in the expansion follow a certain pattern known as pascal’s 
triangle. 
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r+1 


Each coefficient of any row is obtained by adding two coefficients in the preceding 
row, one on the immediate left and the other on the immediate right and each row is 
bounded by 1 on both sides. 

The (r + 1)" term or general term is given by 


= 1C aq” =r br 


8.1.4 Some particular cases 


If n is a positive integer, then 
a+ by ="C, a" b? +'"C_ at b+ "Ca"? b+.. eC ab +. + 
0 1 2 r 
"C, a b" se CL) 


In particular 


1. 


Replacing b by — b in (i), we get 
(=D) = "C, a" b? — "C, NP +... LY CaP b" +... + 
(1) "C, a° b" ... (2) 
Adding (1) and (2), we get 
(a + b)" + (a=b) =2 [C] a" b? + "C, a~? b? + "C, a"-4 bt +... ] 
= 2 [terms at odd places] 
Subtracting (2) from (1), we get 
(a +>b)}—= (a - by = 2 ["C] a"! b! + "C, a"? b? +... ] 
= 2 [sum of terms at even places] 
Replacing a by 1 and b by x in (1), we get 
(LEI SC a ECAC N Hant C E Fa a IC 


n 


i.e. a+ = "C, x" 


r=0 
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5. Replacing a by 1 and b by —x in... (1), we get 
(d = xy" = "Cy x? _ "C x+ aC x? ee = Ca (-1)=! xl $ iC. (-1)" x" 


ie, -x= $} CD" "C, x" 
r=0 


8.1.5 The p* term from the end 


The p™ term from the end in the expansion of (a + b)” is (n — p + 2)" term from the 
beginning. 


8.1.6 Middle terms 
The middle term depends upon the value of n. 


(a) Ifnis even: then the total number of terms in the expansion of (a +b)" isn + 1 


th 
(odd). Hence, there is only one middle term, i.e., (3 +4 i term is the middle 
2 


term. 


(b) Ifnis odd: then the total number of terms in the expansion of (a + b)" isn + 1 





th th 
. : n+1 n+3 
(even). So there are two middle terms i.e., 7 and are two 
middle terms. 
8.1.7 Binomial coefficient 
In the Binomial expression, we have 
(a + OPC a" +"C - op a"? b? +... + "C, b" a (1) 
The coefficients "C,, "C,, "C,, ... , "C, are known as binomial or combinatorial 


coefficients. 
Putting a = b = 1 in (1), we get 
CRO RG tC =R 
Thus the sum of all the binomial coefficients is equal to 2”. 
Again, putting a = 1 and b = -1 in (i), we get 
C ACOH C Fi = OC EO ee 
Thus, the sum of all the odd binomial coefficients is equal to the sum of all the even 


n 


2 = 
binomial coefficients and each is equal to Tin g, 


EC ies SG PPC H C a en 
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8.2 Solved Examples 
Short Answer Type 


2r 
1 
Example 1 Find the r* term in the expansion of [x + | : 
x 


r-l 
Solution We have T.=”C__, (x)”~"*! (+) 
x 


[2r x+ l- r+1 
r-lir+1 
[2r o2 
—= x 
r-l|r+l1 
Example 2 Expand the following (1 — x + x°) 
Solution Put 1 — x = y. Then 


(-x+x)*= (vy +x) 
= Eo yt Fay Æ Ca y? (x)! 
I <S y (x?)? iy gC yxy 4 ‘C (x?)4 
= y+ 4y? x74 Gy? x4 + Ay x6 + 28 
= (1 -x+ 4x? (1 -xP + 6x7 (1 — x)? + 4x6 (1 — x) + xë 
= 1 — 4x + 10x* — 16x + 19x* — 16x° + 10x° — 4x7 + x8 
3 ay 
Example 3 Find the 4" term from the end in the expansion of (2 7 2) 
x 


Solution Since r* term from the end in the expansion of (a + b)" is (n — r + 2)" term 
from the beginning. Therefore 4" term from the end is 9 — 4 + 2, i.e., 7 term from the 
beginning, which is given by 





E oo X 64_9x8x7 64_ 672 
= ng 


9 x = = 
T,= a 8 aP 3x2x1 a w 


Example 4 Evaluate: (x? S19" + (x? + 1-27 i 
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Solution Putting ,/1— x? = y, we get 


The given expression = (X? — y)* + (x? + yf =2 [x8 + ‘C, xf y? + °C, y“ 


4 
-2 oe xt- d-x)4 0-2)? 
x 





=2 [x8 + 64 (1 — x*) + 1 — 2x7 4+ x] 
= 2x8 — 12x° + 14x* — 4x? + 2 


12 





Example 5 Find the coefficient of x!! in the expansion of x’? — = 
x 
Solution Let the general term, i.e., (r + 1)" contain x". 
2 F 
We have T =C Gy ie 
x 
= RC x3 -3r-2r (-1)" 2r 
= ra (Dz or x36- Sr 
Now for this to contain x!!, we observe that 
36 —5r=11)i.e., r=5 
Thus, the coefficient of x!! is 
ne Wid 95 2 12x11x10x9x8 37 T 
sE e 5x4x3x2 B 
18 
Example 6 Determine whether the expansion of x?—— will contain a term 


x 
containing x!?? 


Solution Let T, | contain x! Then 


T, = Cie? -2 
= BC x36 -2r (1y . 2r x’ 
= (1Y JF 2C x36 - 3r 

26 


Thus, 36 — 3r = 10, i.e., r= 3 
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Since r is a fraction, the given expansion cannot have a term containing x". 


are 


Example 7 Find the term independent of x in the expansion of (= +— 


B 2x? 


Solution Let (r+ 1)" term be independent of x which is given by 
10-r r 
10 x v3 
Ta = C, E 2 
3 2x 


Xx 
r 3 2” 2" 


r Wer l0-r_ 


— 10 2 2 =r 2 a 
=10¢ 32° 2 ox 








Since the term is independent of x, we have 
10-r 
2 
Hence 3" term is independent of x and its value is given by 


2r =0 = r= 2 





oc 3° IOON 1 5 





LA 24d SF 9x12 12 
p’ 
Example § Find the middle term in the expansion of 2ax—— 
x 


Solution Since the power of binomial is even, it has one middle term which is the 


th 
hia term and it is given by 





=p) 
T = "C,(2ax)° (=) 


12 
X 


Ro 
= 6 


2°a®b® _ 59136a°D° 
x° 7 x° 





12 
z. 
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P 


Solution Since the power of binomial is odd. Therefore, we have two middle terms 
which are 5" and 6" terms. These are given by 


5 4 
T; =°C, (2) (=) eo a e 


9 
p x 
Example 9 Find the middle term (terms) in the expansion of (z a z) ‘ 


x p x x 


i 12°62) (2) 22228 
x P P P 
Example 10 Show that 2*°** — 15n — 16, where n € N is divisible by 225. 
Solution We have 
2*4_ 15n- 16 = 20D — 15n — 16 

16"*!— 15n — 16 
(1 + 15)"*! — 15n = 16 
= 1s oN toe 
+a AAC), (15)"*1- 150 — 16 
L+(n41)154+"*'C, 152 4"*IC, 153 
+E IC, | (157+! 15n- 16 
L+ 15n+15+"*IC, 152+ "+C, 153 
4 MIC, | (15)"*1— 150 — 16 


15? [PC IC, 15 +... so on] 
Thus, 2*+4— 15n — 16 is divisible by 225. 





Long Answer Type 
Example 11 Find numerically the greatest term in the expansion of (2 + 3x)’, where 


3 


x= 2° 


9 
3x 
Solution We have (2 + 3x)? = 2° ( + 3) 
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3x) 
| °c (2) l 
Ty 41 | "2 


Now, T = ma 
A 3 
2 






































"0, [3x l9  |r-1[10-r]3x 
°C, a21 ([e|9=r |9 2 
10 -r [3x oar 3 
~ r lator 4 me >>" 
T — 
Therefore, TiS 2 Maj 
T, 4r 
= 90 -9r > 4r (Why?) 
< — 
>rs B 
7 12 
>rs 13 
Thus the maximum value of r is 6. Therefore, the greatest term is T |, = T}. 
6 
3x 3 
9) 9 
Hence, T,= 2 | Ce (=) | where x = 7 
_ 9.9 o 7 p xx (F) Ps 
7 "\A) ~~ 3x2x1 (2? 2 


Example 12 Ifnis a positive integer, find the coefficient of x' in the expansion of 


(1 + x)" (14t) : 
x 


Solution We have 


n n 1+ 2n 
uem i>. sdara ee 
x x x 
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n 


Now to find the coefficient of x' in (1 + x)" 1+— , it is equivalent to finding 
x 


(1+ x)" 


coefficient of x" in ——~— which in turn is equal to the coefficient of x"~' in the 
x 


expansion of (1 +x)”. 
Since (1 + x)” = 7C, x? + 7C x! + 7C, x + ON ae H C, a7 


Thus the coefficient of x"~' is ”C,_, 


l2n [2n 


~ jn-1|2n-n+1 ` |n-1jn+1 








Example 13 Which of the following is larger? 
9950 + 100°° or 1015 





We have (101) = (100 + 1)° 
50.49.48 
= 100° + 50 (100) + +p M0 +... 
Similarly 995 = (100 — 1) 
50.49.48 





100° — 50 . 100® + aoo- S55 100" +... 2 


Subtracting (2) from (1), we get 


101° — 99% = 2 50- coder, 8 O 
.49-4 
= — 10157 9959 = 100% + 2 Zag 100” + 


=> 101°- 99s 100° 
Hence 101°° >99°° + 100°° 


Example 14 Find the coefficient of x°° after simplifying and collecting the like terms 
in the expansion of (1 + x)!0° + x (1 + xX” +x? (1 + xP” +... + x, 


x 


Solution Since the above series is a geometric series with the common ratio 14x’ 


its sum is 
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1001 
(+9 1- == 
l+x 
I- x 
l+x 
1001 
x 
14 x)! 
: l+ X =(1 sf gg) OO! — a(100n 
l+x-—x 
l+x 


Hence, coefficient of x°° is given by 
1001 
oC = 
s5 ~ |50|951 


Example 15 Ifa, a, a, and a, are the coefficient of any four consecutive terms in 
the expansion of (1 + x)", prove that 


1 


a a _ 2d, 


4 = 
ata, a@a+a, a, +a 





T 


Po r+ 


Solution Let a, â, a, and a 4 be the coefficient of four consecutive terms mn 


» T, , and T, , , respectively. Then 


a, = coefficient of T, , ="C, 


a, = coefficient of T ,="C 
a r+2 r+1 


= 104 —n 
a, = coefficient of T,,3= Ci : 


and a, = coefficient of T, =”C,, 


4 3 


Th a x 
us = 
a + ay "Crt Grai 





G 


= —_ oe —nt+l 
~ n+l Ue "C, +”C, il Cai) 
Chat 
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|n r+ljn-=r r+1 

















7 [r|n-r Jn+1 ~ n+l 
Similar! a3 Crea 
arly, = n n 
- a; + a4 Coat C43 
Caga r+3 
_ a. Oem = n+1 
a a; r+1 r+3 2r+4 
Hence, L.H.S. = + — + = 
ata, a,ya, n+l n+1 n+l 
2 2({"C, A Ca 
and R.H.S. = ne- l a) = ( 1) 








=n n ~ ntl 
a, +a, °C, 4) + °C, 49 C, 42 


Now le A) ter) 242) 
r+l|jn-r-1 n+1 n+1 

Objective Type Questions (M.C.Q) 
Example 16 The total number of terms in the expansion of (x + a)*! — (x — a)*! after 
simplification is 

(a) 102 (b) 25 (c) 26 (d) None of these 
Solution C is the correct choice since the total number of terms are 52 of which 26 
terms get cancelled. 





n 


a 
3 
(a) 56 (b) 55 (c) 45 (d) 15 


Solution B is the correct choice. Since T,, , = "C, a"~" x” in expansion of (a + x)’, 


Example 17 If the coefficients of x’ and x8 in 2+ are equal, then n is 


n-7 


7 
n n= n 2 
Therefore, T,= C- (2) c (z) = "Ç EJ x! 
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x 8 gn-8 
_n 8 

and T= oy [=| ="Cs E 

n-7 n-8 

37 = "C; Eg (since itis given that coefficient of x’ = coefficient x*) 


ae ae i 
|7|n-7 |z = qs ` gn=7 
8 1 
=> Iu => n=55 
= 


Oh ee 2 2n 
Example 18 If (1 -x+x)'=a4,+a,x+a,x +.. +a, x", then qe ayt a, +... 
+ a,, equals. 


Therefore, "C, 














TE g = QO D+ 
2 2 2 2 
Solution Ais the correct choice. Putting x = 1 and —1 in 
(l-x+2)"= a Qa, x+ a, X ta Ha, x” 
we get lN AT a, + ay. Jt a, (1) 


and y=% a, + a, 4g > d+ 4, ie 
(2) 
Adding (1) and (2), we get 

arl = 2 (aWWapt a, +.. +a) 


3" +1 
2 


Example 19 The coefficient of x and x1 (p and q are positive integers) in the 
expansion of (1 + x)?*4 are 





Therefore a,+ a, +a, + «m+, = 
Z N 


(A) equal (B) equal with opposite signs 
(C) reciprocal of each other (D) none of these 
Solution A is the correct choice. Coefficient of x and x‘ in the expansion of (1 + x)’ 


+4 are Pea, and P +C 
pt+q 


[pla 





and p+ =Pt9IC = 
P q 


Hence (a) is the correct answer. 
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Example 20 The number of terms in the expansion of (a + b +c)", where n € N is 


(n+1)(n+2) 
) 2 
(C) n+2 (D) (n+1)n 
Solution A is the correct choice. We have 
(a+b +c) =[a+ (b + c)” 
=q" + "C a"! (b + c)! + "C, a"? (b + c? 
AP ce BOE OHer 


Further, expanding each term of R.H.S., we note that 


(B) n+1 


First term consist of 1 term. 

Second term on simplification gives 2 terms. 

Third term on expansion gives 3 terms. 

Similarly, fourth term on expansion gives 4 terms and so on. 


The total number of terms = 1+ 2+3+4...+ (n+ 1) 
(n +1) (n+ 2) 
q 2 


Example 21 The ratio of the coefficient of x!° to the term independent of x in 
15 


xe] is 
x 
(A) 12:32 (B) 1:32 (C) 32:12 (D) 32:1 
15 
Solution (B) is the correct choice. Let T_, , be the general term of go s0, 
x 
T,= Oe: D5- 
= e (2)" 30 - 37 sei 


Now, for the coefficient of term containing x", 

30-3r=15, ie, r=5 
Therefore, '°C, (2)° is the coefficient of x'° (from (1)) 
To find the term independent of x, put 30 — 3r = 0 
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Thus '°C,, 2'° is the term independent of x (from (1)) 


o on 25 7 1 _ 1 
Now the ratio is 5G 910 z 25 = 32 
10 





5 5 
Example 22 If z= v3 l v3 : 





+ + , then 
2 2 2 
(A) Re@)=0 B) I, (@)=0 
(C) Re(z)>0,1, (Zz) >0 (D) Re (z) >0, 1, (2) <0 


Solution B is the correct choice. On simplification, we get 


2 3 229 4 
#22 sc, 3 +c, 3B i +c, 3 kà 
2 2 2 A JZ 


Since ? = -1 and ï = 1, z will not contain any 7 and hence I, (z) = 0. 


8.3 EXERCISE 


Short Answer Type 


15 
3x? 1 
1. Find the term independent of x, x + 0, in the expansion of [se = 4) : 
x 
10 
. k . 
2. Ifthe term free from x in the expansion of vx ——z is 405, find the value 
x 


of k. 


3. Find the coefficient of x in the expansion of (1 — 3x + 7x?) (1 — x)". 


15 
4. Find the term independent of x in the expansion of, 3x — = 
x 


5. Find the middle term (terms) in the expansion of 


10 3 ? 
x a x 
eK G). 3x-— 
a x 6 


18/04/18 


BINOMIAL THEOREM 143 





6. Find the coefficient of x" in the expansion of (x — x°)". 
15 
7. Find the coefficient of +7 inthe expansionof xf — R 
a x 
1 1\" 
8. Find the sixth term of the expansion y2 + x3 , if the binomial coefficient of 
the third term from the end is 45. 
[Hint: Binomial coefficient of third term from the end = Binomial coefficient of 
third term from beginning = "C,,.] 
9. Find the value of r, if the coefficients of (2r + 4)" and (r — 2)" terms in the 
expansion of (1 + x)'® are equal. 
10. If the coefficient of second, third and fourth terms in the expansion of (1 + x)” 
are in A.P. Show that 2n? — 9n + 7 =0. 
11. Find the coefficient of x* in the expansion of (1 +x +x + x)!!. 
Long Answer Type 
p 8 
12. Ifp is areal number and if the middle term in the expansion of p +2 is 
1120, find p. 
1 2n 
13. Show that the middle term in the expansion of [x = 1) is 
x 
1x3x5x...(2n—=1 
|z . 
3 1" 
14. Findninthe binomial V2 + 33 if the ratio of 7™ term from the beginning to 
the 7 term from the end is 6: 
15. Inthe expansion of (x + a)" if the sum of odd terms is denoted by O and the sum of 
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even term by E. 
Then prove that 
Gi) -EF =r -a’)" (ii) 4OE = (x + a)" — (x - a)” 
2n 


f i 2 itis 
If x? occurs in the expansion of x + —  „, prove that its coefficient is 
x 


[2n 

















4n- p|2n+p'` 
3 3 
3 yp’ 
Find the term independent of x in the expansion of (1 + x + 2x°) 5 x? = 3x 
x 


Objective Type Questions 


Choose the correct answer from the given options in each of the Exercises 18 to 24 
(M.C.Q.). 


18. 


19. 


20. 


21. 


22. 


The total number of terms in the expansion of (x + a)! + (x — a)! after 
simplification is 

(A) 50 (B) 202 (C) 51 (D) none of these 

Given the integers r > 1, n > 2, and coefficients of (3r)" and (r + 2)™ terms in 
the binomial expansion of (1 + x)” are equal, then 

(A) n=2r (B) n=3r (C) n=2r+1 (D) none of these 

The two successive terms in the expansion of (1 + x)** whose coefficients are in 
the ratio 1:4 are 

(A) 3% and 4" (B) 4" and 5® (C) 5” and 6" (D) 6" and 7® 


[Hint "C, ADHL Deas 4l] 
Int: = r = — = 
ao Wy 4-r 4 r 


r+l 

















The coefficient of x” in the expansion of (1 + x)” and (1 + x)”-! are in the ratio. 
(A) 1:2 (B) 1:3 (C) 3:1 (D) 2:1 

[Hint "C, : ”-'C, 

If the coefficients of 2™, 3" and the 4" terms in the expansion of (1 + x)” are in 
A.P., then value of n is 


(A) 2 (B) 7 (c) ll (D) 14 
[Hint: 2 "C, ="C, +"C, >n -9n+14=0>5n=20r7 
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If A and B are coefficient of x" in the expansions of (1 + x)” and (1 + x)” ~! 


respectively, then = equals 


B 
1 m 
(A) 1 (B) 2 cs D) = 
A “g E 
[Hint: Bae 71 
1 - 7 
If the middle term of —+ xsinx is equal to 7 y then value of x is 
x 
= B = C 1 = D 1 = 
(A) 2nn+ g B) m+ = A Rt CONE NOY nT + Cl) 3 


1 . 1 
[Hint: T, = Ha, L -x° sin? x= P => sinńx=_5; Sin 5 
x 


T 
=>x=nt + (-1)" 6! 


Fill in the blanks in Exercises 25 to 33. 


25. 
26. 


27. 


28. 


The largest coefficient in the expansion of (1 + x)” is 
The number of terms in the expansion of (x + y + z)" 
[Hint: (x + y +z)" = [x PO #27") 


16 
: 1 : 
In the expansion of x , the value of constant term is 
x 


If the seventh terms from the beginning and the end in the expansion of 


1 
3/2 + RB are equal, then n equals 


pe e E] renle) aT 


[Hint : T, =T, 
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n-12 
n-12 1 
=> E = T = only problem when n — 12 = 0 = n = 12]. 
33 
1 2b ” 
29. The coefficient of a ° b* in the expansion of —— a is 
a 
b 4 
1 —2b 1120 6,4 
Hint: T; = "°C = a °b 
[Hin 5 4a 3 7 ] 


30. Middle term in the expansion of (a? + ba)” is 
31. The ratio of the coefficients of x” and x‘ in the expansion of (1+x)’*/ 1s 
[Hint: ” + 1C, arr Cl 


x 
32. The position of the term independent of x in the expansion of E + Ie 
x 


33. If 25" is divided by 13, the reminder is : 
State which of the statement in Exercises 34 to 40 is True or False. 


OCA 
2 


10 


20 
34. The sum of the series C, is ap Y 
r=0 


35. The expression 7°+9 is divisible by 64. 
Hint: 7? + 97 = (1 + 8)’-(1- 8} 
36. The number of terms in the expansion of [(2x + y*)*]’ is 8 


37. The sum of coefficients of the two middle terms in the expansion of (1 + .x)?""! 


is equal to ”~'C,. 
38. The last two digits of the numbers 3* are 01. 


2n 


39. Ifthe expansion of x—-—> contains a term independent of x, then n is a 
x 


multiple of 2. 


40. Number of terms in the expansion of (a + b)" where n €e N is one less than the 


power n. 


=> 0) a 
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